Let G be a simple connected graph and S 2 (G) be the sum of the two largest Laplacian eigenvalues of G. In this paper, we determine the bicyclic graph with maximum S 2 (G) among all bicyclic graphs of order n, which confirms the conjecture of Guan et al. (J. Inequal. Appl. 2014:242, 2014 for the case of bicyclic graphs.
Introduction
Let G = (V (G), E(G)) be a simple connected graph with vertex set V (G) = {v  , v  , . . . , v n }. 
The numbers of its vertices and edges are denoted by n(G) and m(G)
(
m(G) +  for any graph G. Especially when G is a tree, Fritscher et al. [] improve this bound by showing S  (T) ≤ m(T) +  - n(T)
, which indicates that Haemers' bound is always not attainable for trees. Therefore, it is interesting to determine which tree has maximum value of S  (T) among all trees of order n. Let S k a,b be the tree of order n obtained from two stars S a+ , S b+ by joining a path of length k between their central vertices. Guan et al. [] proved that S  (T) ≤ S  (T 
Zheng et al. [] determined the uicyclic graph with maximum S  (G) among all uicyclic graphs of order n, which confirms Conjecture . for m = n.
Theorem . ([]) For any unicyclic graph G of order n, S  (G) ≤ m(G) +  with equality if and only if G
In this paper, we prove that Conjecture . holds for m = n + . The main result is as follows.
Theorem . For any bicyclic graph G of order n, S  (G) ≤ m(G) +  with equality if and only if G
In Section  of this paper, we give some well known lemmas which are useful in the proof of Theorem .. In Section , we will give the proof of Theorem ..
Preliminaries
We first present some well-known results on μ  (G).
Lemma . ([]) Let G be a connected graph of order n, then μ  (G) ≤ n(G) with equality if and only if the complement of G is disconnected.

Lemma . ([]) Let G be a connected graph of order n, d i
= d(v i ) and m i = v j ∈N(v i ) d j /d i . Then μ  (G) ≤ max d i + m i | v i ∈ V (G) .
Lemma . ([])
Let G be a connected graph with n ≥  vertices and m edges. Then
Let M be a real symmetric matrix of order n. Then all eigenvalues of M are real and can be denoted by λ  (M) ≥ λ  (M) ≥ · · · ≥ λ n (M) in non-increasing order. The following result in matrix theory plays a key role in our proofs.
Lemma . ([])
Let A and B be two real symmetric matrices of order n. Then, for any
The next lemma follows from Lemma . immediately.
Lemma . Suppose G  , . . . , G r are edge disjoint graphs. Then, for any k,
The following lemma can be found in [] and is known as the interlacing theorem of Laplacian eigenvalues. 
Lemma . ([]) Let G be a graph of order n and G be the graph obtained from G by deleting an edge of G. Then the Laplacian eigenvalues of G and G interlace, that is,
μ  (G) ≥ μ  G ≥ μ  (G) ≥ · · · ≥ μ n- G ≥ μ n (G) ≥ μ n G = .λ i ≥ λ i ≥ λ n-m+i , for i = , . . . , m. Specially, for v ∈ V (G), let L v (G) be
the principal submatrix of L(G) formed by deleting the row and column corresponding to vertex v. Then the eigenvalues of L v (G) interlace the eigenvalues of L(G).
The multiplicities of an eigenvalue λ for L(G) is denoted by m G (λ). For a graph G of order n, it is well known that m G 
Proof Let L(G) and L(G ) be the Laplacian matrix of G and G , respectively. It is not difficult to check that r(I n -L(G)) = r(I n+ -L(G )). Thus the result follows from the facts that
Let P n and C n be the path and cycle of order n, respectively. A connected graph with n vertices and n +  edges is called a bicyclic graph. Let B n be the set of bicyclic graphs of order n. There are two basic bicyclic graphs: ∞-graph and θ -graph. More concisely, an ∞-graph, denoted by ∞(p, q, l)-graph, is obtained from two vertex-disjoint cycles C p and C q by connecting one vertex of C p and one vertex of C q with a path P l+ of length l, where q ≥ p ≥  and l ≥  (in the case of l = , we identify the above two vertices). A θ -graph, denoted by θ (p, q, l), is a union of three internally disjoint paths P p , P q , P l of length p -, q -, l -, respectively with common end vertices, where l ≥ q ≥ p ≥  and at most one of them is . Observe that any bicyclic graph G is obtained from a basic bicyclic graph ∞(p, q, l) or θ (p, q, l) by attaching trees to some of its vertices. For any bicyclic graph G, we call its basic bicyclic graph ∞(p, q, l) or θ (p, q, l) the kernel of G. For a vertex v of the kernel of G, if there is a tree T v attached to it, we denote by e(v) the maximum distance between v and any vertex of T v (that is, e(v) = max{d(u, v) | u ∈ V (T v )}); if there is no tree attached to it, we define e(v) = . Let B ∞ n (p, q, l) and B θ n (p, q, l) be the sets of bicyclic graphs of order n with ∞(p, q, l) and θ (p, q, l) as their kernel, respectively. Clearly,
. Let S be a multiset of some nonnegative integers, denote by S the number of nonzero elements in S, that is, S = |{a ∈ S | a ≥ }|, where elements are counted according to their multiplicity. Lemma . Let G be the union of some disjoint graphs G  , G  , . . . , G r , where G i (i ∈ {, . . . , r}) is a tree or an unicyclic graph of order n i which is not isomorphic to G n i ,n i (G n,n is the unicyclic graph shown in Figure  
Proof By Theorem . and the fact S  (T) < m(T)+ for any tree, we have S  (G i ) < m(G i )+ for i ∈ {, . . . , r}. If μ  and μ  of G attain the same component, say
Otherwise, μ  and μ  of G attain two different components, without loss of generality, we assume that μ  and μ  attain G  and
For any subgraph H of G, let G -H be the graph obtained from G by deleting all edges from H.
Lemma . Let G be a simple graph with at least
where G i is a tree or an unicyclic graph of order n i which is not isomorphic to G n i ,n i (G n,n is the unicyclic graph shown in Figure ) .
Proof By direct calculation, we have S  (P  ) = m(P  ) =  and S  (P  ) = m(P  ) = . Using Lemmas . and ., we have
, this completes the proof.
Proof of Theorem 1.3
First of all, using the facts that S  (G) ≤ m(G) +  for any graph G and that
, we give the main idea of the proof. . For each class, we show that
that is, the condition that equality holds. Next, we discuss according to the following two subsections.
Bicyclic graphs in
is a tree. Thus the result follows from Lemma ..
By Lemma ., it suffices to consider the following two cases: 
is a tree or a unicyclic graph of order n i which is not isomorphic to G n i ,n i . Thus the result follows from Lemma . Figure  . By Lemma . and direct calculations, we have
When n  ≥ , it can be checked that m G () ≥ n - by direct calculation and Lemma ..
The proof is completed. Figure  , otherwise G has  vertex-disjoint P  such that each component of G -P  is a tree and the result follows from Lemma ..
When G is isomorphic to 
Now, it suffices to consider the case that G is isomorphic to G  shown in Figure  . shown in Figure  is 
We safely come to the following result by the above discussion. , l) , where q ≥ p ≥  and l ≥ , we have S  (G) < m(G) + .
Bicyclic graphs in B θ
n (p, q, l) In this subsection, we prove that
n (p, q, l) and equality holds if and only if G ∼ = G n+,n . We begin with the following lemma, which follows from Lemma . immediately.
By Lemma ., it suffices to consider the following three cases: 
From the above discussion, we complete the proof.
Finally, we consider the case G ∈ B θ n (, q, l), where l ≥ q ≥ .
Proof If q ≥ , it is obviously that G has  vertex-disjoint P  such that G -P  is a forest and the result follows immediately from Lemma .. When q =  and l ≥ , the result follows immediately from Lemma ., since G has  vertex-disjoint P  such that G -P  is a forest. Thus it suffices to consider the case that
is a tree and the result follows from Lemma .. Now, it suffices to consider the case that G is isomorphic to G  shown in Figure  .
When {n  , n  , . . . , n  } ≥ , G has  vertex-disjoint P  (or  vertex-disjoint P  ) such that each component of G -P  (or G -P  ) is a tree and the result follows from Lemma ..
When 
The proof is completed.
Proof When l ≥ , it is obviously that G has  vertex-disjoint P  such that G -P  is a forest and the result follows immediately from Lemma .. Thus it suffices to consider the case that G ∈ B θ n (, , ). For n(G) ≤ , it is easy to check that S  (G) < m(G) +  by a direct calculation. Thus we assume that n(G) ≥  in the following.
For
is a forest and the result follows from Lemma .. Now, we can assume that G is isomorphic to G  shown in Figure  .
If {n  , n  , . . . , n  } ≥ , then G has  vertex-disjoint P  (or  vertex-disjoint P  ) such that each component of G -P  (or G -P  ) is a tree and the result follows from Lemma ..
If 
The proof is completed. 
Lemma .
Now, it suffices to consider the case that G is isomorphic to G  shown in Figure  . For n(G) ≤ , it is easy to check that S  (G) < m(G) +  by a direct calculation. In the following, we assume that n(G) ≥ .
If {n  , n  , . . . , n  } ≥ , then G has  vertex-disjoint P  (or  vertex-disjoint P  ) such that each component of G -P  (or G -P  ) is a tree and the result follows from Lemma ..
If Figure  is a subgraph of G. Therefore
The proof is completed. Figure  Proof By Lemma ., it suffices to consider the case that G is isomorphic to G i (i ∈ {, , }) shown in Figure  . Figure  is the subgraph of G i . Therefore
Lemma . Let G ∈ B
θ n (, , ) and G  shown in Figure  Proof By Lemma ., it suffices to consider the case that G is isomorphic to G  or G  shown in Figure  . Here, we only prove the case that G is isomorphic to G  . For the case G is isomorphic to G  , we can discuss similarly.
is a tree and the result follows from Lemma .. Proof By some elementary calculations, we have φ(
, where
then, by (.), we have 
